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» Prediction-centric uncertainty quantification via MMD. Z. Shen, J. Knoblauch, S. Power,
C. J. Oates.

» A computable measure of suboptimality for entropy-regularised variational objectives. C.
Chazal, H. Kanagawa, Z. Shen, A. Korba, C. J. Oates.

» Predictively oriented posteriors. Y. McLatchie, B.-E. Cherief-Abdellatif, D. T. Frazier, J.
Knoblauch.



Optimization-centric probabilistic inference

Bayesian posterior and its generalization are minimizers of an entropy-regularized objective

P = argmin J(Q), J(Q) = L(Q) + KL(Q||Qo)-

QREP(RY)

Examples of £(Q)

> Standard Bayes: — "7, [log p(y:]0) dQ(6).
> Generalized Bayes': ", [{(y;,0) dQ(6).

! Bissiri et al. [2016]



Why post-Bayes?

» Bayesian posterior in a misspecified model lack in parameter uncertainty;

» Generalized Bayes confronts aspects of model misspecification (e.g., outlier robustness),
yet is still overconfident.
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Lotka-Volterra example!

! Shen et al. [2025]



Predictively-oriented (PrO) posteriors®

Generalized Bayes | Predictively-oriented
Z/s i, Pa) dQ(6 ZS<y,,/P9 dQ(9))
average fit predictive fit

What happens when the model is well-specified?

McLatchie et al. [2025] illustrate that the PrO posterior still concentrates around the
data-generating distribution (Theorem 1).

! McLatchie et al. [2025]



Mean field neural networks (MFNNs)
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Challenges of a nonlinear £(Q)

P := argmin £(Q) + KL(Q|| Qo).
QeP(RY)

» P is identifiable up to normalization when £(Q) is linear: applies to (generalized) Bayes;
» The nonlinearity of £(Q) makes it so that P is only identifiable via optimization:
mean-field Langevin dynamics evolve a set of interacting particles Qf, := %Z,N:l dpt:

0! = 0 + €[V log qo(0F) — VvL(QL)(0)] + V2ezt.
—

variational gradient

Given a sample-based approximation Qy := % Z,N:l dg,, is it any good?



Bayes
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Revisiting Stein's identity

We would like to generalize Stein’s discrepancy to validate how well a set of particles satisfies
the minimizer of J(Q).

Vo e F, Exq[(Viegp(x), ¢(x)) +(V,0(x))] =0 & Q=P

Noting that Jayes(@) = KL(Q|P), we have:

Exnq [(Vlog p(x), #(x)) + (V, d(x))] = Exvq [(Vlog p(x) — Vlog q(x), ¢(x))]
B [~V U Ty (Q)6), B0 = — - Tines(QF)

t=0

Drawing any geodesic curve (Qf’ ) e around Q, its time derivative w.r.t.
te(—e€,e

TBayes(Qt) is always zero.



Measuring approximation quality

Idea: See “how well @ minimises [J"

Concretely: If @ does not minimise J then
there is some “direction” ¢ such that

d oo
aj(Qt ) — <0.

=0




Variational Gradients

Variational gradients: From the fundamental theorem of calculus

d ®
(@)

- / (Vv T(Q)(x). $(x)) dQ(x).

t=0
where the variational gradient is Vv 7 (Q)(x) = V,J'(Q)(x) for each x € RY.
(the first variation F'(Q) is defined as %.7:(0 + ex)|e=0 = [ F'(Q) dx)
Computing the variational gradient of 7: Letting Qy have a density g > 0,
VvI(Q)(0) = VvL(Q)(0) — (Vlog qo)(0) + (Vlog q)(¥)
~————
problematic
Main idea: Can still evaluate integrals of the variational gradient:

[ (102000 dat) =~ [ (7 9)() dae).
—_——

problematic




Gradient Discrepancy

Gradient discrepancy: For a given set F of differentiable vector fields on R9, define the
gradient discrepancy as

PEF s.t.
(To9)-€L£(Q)

where To@(x) == [(Vlog qo)(x) = VVL(Q)(X)] - #(x) + (V - #)(x).

GD(Q) = sup \ [ Taot) aex

Example: For £'(Q)(x) = — log p(y|x), we recover (Langevin) Stein discrepancy [Gorham and
Mackey, 2015]

SD(Q) = sup ’ / Spb(x) dQ(x)

PEF s.t.
(Spp)—€L£M(Q)

where Sp(x) = (Vlog p)(x) - d(x) + (V - v)(x), where p(x) o qo(x)p(y|x) is a density for P.

.. Stein discrepancy is measuring the size of a variational gradient



Computing gradient discrepancy

Kernel gradient discrepancy: Let k : R? x R? — R be a kernel with associated Hilbert space
Hy. The Kernel Gradient Discrepancy (KGD) is defined as

KGDk(Q) = sup
8l 09 <1 st
(Te®)-€£1(Q)

/ Tad(x) 4Q(x)

.. KGD generalises kernel Stein discrepancy (KSD) to nonlinear £

Computable form of KGD: Let s(Q)(6) := (Vlog go)(0) — VvL(Q)(6). Then

1/2
KGDy(Q) = ( / / ko(x, %) dQ(x)dQ(x’))
with the Q-dependent kernel

ko(x,x') = V1 - Vak(x,x') + Vik(x,x') - s(Q)(x)
+ Vak(x,x) - s(Q)(x) + k(x,x")s(Q)(x) - s(Q)(X).



Measuring approximation quality via KGD
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Figure: Selecting the step size € in mean field Langevin dynamics for training a mean field neural
network.

Rather than use MFLD, why not directly optimise KGD?



New Algorithms Based on KGD (1)
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Figure: Comparing MFLD with new algorithms based on KGD, in the setting of training mean field
neural networks.



Variational Gradient Descent

Steepest descent: Following Wang and Liu [2019], pick the vector field ¢g from a
vector-valued reproducing kernel Hilbert space Hf corresponding to steepest descent:

o() /{k )(Vlog do — VvL(Q))(x) + Vik(x.-)} dQ(x),

Variational gradient descent: Initialise {x°}" | as independent samples from 1 at time
t = 0 and then update {Xf},= deterministically, via the coupled system of ODEs

dxt N
d—tk:NZ xt,xf)(Vlog go — VvL(QR))(x) + Vik(xf, x{),

2 |

%

up to a time horizon T.



New Algorithms Based on KGD (l)
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Figure: Comparing MFLD with new algorithms based on KGD, in the setting of prediction-centric
uncertainty quantification.



Properties of Kernel Gradient Discrepancy

Informal Theorem (Properties of KGD)
One can pick the kernel k such that the following hold:

> ldentification: KGD,(Q) = 0 iff Q a stationary point of J
(roughly: convexity of £ implies a unique stationary point P of J)
» Continuity: Q, = Q implies KGD¢(Q,) — KGD¢(Q)
(Qn = Q@ means [fdQ, — [fdQ forall £(8) <1+ 6]?)
> Convergence control: KGD(Q,) — 0 implies Q, 2 p
(requires a dissipativity condition on P)

.. minimisation of KGD leads to consistent approximation of the target



Summary

In a nutshell:
» (kernel) gradient discrepancy (KGD) enables approximation quality to be measured...
» ... and unlocks new classes of algorithms for arg min J
» can be considered a generalisation of kernel Stein discrepancy (KSD)

» sheds light on KSD as measuring the size of a variational gradient

Open questions:

» All the usual challenges apply, e.g. high-dimensions, manifold-constrained targets,
computational efficiency, mode collapse, etc.

> Stein's identity generalizes to the diffusion Stein operator [Gorham et al., 2019] — what
would be the corresponding nonlinear generalization?

Thank you for your attention!
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