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Gradient Flows For Sampling, Inference, and Learning (In Person)

Date: Friday 01 December 2023, 10.00AM
Location: London

Royal Statistical Society, 12 Errol Street, London EC1Y 8LX

 Wasserstein gradient flow (and
iIs an emerging field in CSML. section croup meeting

® A neW perspective On Samplin{\l- EQCArmnlinAa A NMAtiMmicatinn in tlhAa CrhAan~n~n AF
Measures” —— 2nd RSS/Turing Workshop on Gradient

Flows for Sampling, Inference, and
| Learning

Date: Monday 24 March 2025, 10.00AM
Location: The Alan Turing Institute

. There have been some succes g
WGF for CSML.

B The Alan Turing Institute, British Library, 96 Euston Rd, London NW1
2DB
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Motivation

 Wasserstein gradient flow (and computational / statistical optimal transport)
iIs an emerging field in CSML.

A new perspective on sampling: “Sampling as Optimisation in the Space of
Measures”.

 There have been some successes, theoretically and methodologically, of
WGF for CSML.

« A growing community.

 This talk focuses on WGF’s relevance for CSML Methodologies.



Why Should We Care About Gradient
Flows?

September 2024 - Rui-Yang Zhang, Christopher Nemeth

Optimisation is a fundamental task in modern-day statistics and machine learning. A large
set of problems in machine learning and statistics can be easily phrased as an

optimisation problem - given some objective function f defined on a domain X', we wish
to find a point £ € X that minimises f (or maximises — f). Sometimes, we do not even

need to find the global minimum of f, and a sufficiently close local minimum would be
good too.

https://chris-nemeth.qgithub.io/blogs/caring about gf/

Also shout out to Liam for some feedback.


https://chris-nemeth.github.io/blogs/caring_about_gf/

Bayes Posterior Sampling
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dX, = Vlog n(X)dt + \/2dW,

The law of X, | X, = x converges to 7z for any initial
condition x, for suitably well target distribution .

This follows from the Fokker-Planck equation.
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Overdamped Langevin

Bernoulli 2(4), 1996, 341-363

Exponential convergence of Langevin
distributions and their discrete
approximations

GARETH O. ROBERTS'* and RICHARD L. TWEEDIE?

'Statistical Laboratory, Department of Pure Mathematics and Mathematical Statistics, 16 Mill Lane,
Cambridge CB2 I1SB, UK
>Department of Statistics, Colorado State University, Fort Collins CO 80523, USA

dX, = Vlog n(X)dt + \/2dW,

The law of X, | X, = x converges to 7z for any initial
condition x, for suitably well target distribution .

This follows from the Fokker-Planck equation.
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For a (one-dimensional) SDE dX, = a(X,, t)dt + b(X,, 1)dW,
the Fokker-Planck equation describes the evolution of X/’s law p(x, 1),

d,p(x,t) = — o, la(x, Hp(x, 1)] + 6)2“[192()6, Dp(x,1)/2].

For our overdamped Langevin, we have

0,p(x,t) = — d.[ Vlog n(x, Hp(x, )] + 0 [p(x, 1)].
Set p = x, RHS gives —0,| Vlog 7 - 7] + d)%x[ﬂ] = (),

Making 7 a stationary point of p,(7) := p(x, f).
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0 5 4 5 3 10  Jurns out, the underdamped Langevin is
doing a gradient flow in the Wasserstein
t=0 t=1.25 t=25 t=3.75 t=5 t=6.25 t=75 t=8.75 t=10 SDaCG Of measures fO”OWIﬂQ the ObJeCtlve
functional KI.( -||x).
< — The variational formulation of the Fokker--Planck equation
R Jordan, D Kinderlehrer, F Otto
- SIAM journal on mathematical analysis, 1998 - SIAM

The Fokker--Planck equation, or forward Kolmogorov equation, describes the evolution of
o the probability density for a stochastic process associated with an Ito stochastic differential
equation. It pertains to a wide variety of time-dependent systems in which randomness
plays a role. In this paper, we are concerned with Fokker--Planck equations for which the
drift term is given by the gradient of a potential. For a broad class of potentials, we
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Wasserstein Gradient Flow
Coupling

« Consider two distributions X; ~ u and X, ~ v, we can construct a joint distribution p(X;, X,) with the right
marginals in many ways.

e Such a joint distribution is a coupling y € 11(u, v) of all possible joints.

* We can find an ‘optimal’ coupling which minimises a loss, e.g.

W,(u, V) = infyen(ﬂ,D)J' |x; — szZ;/(dxl, dx,).

» This optimal coupling gives a transport map Tl’j such that v = (T/I;)#//t where v(B) = [(T/’j)#,u](B) = u[(Tﬁ)_l(B)].

* Turns out, this Wasserstein distance is a metric for the probability measure space with finite second moment, i.e.

P,(RY).
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Wasserstein Gradient Flow

Dynamic Formulation

 Due to Benamou and Brenier (2000), the Wasserstein distance can be formulated dynamically.

»  Roughly speaking, we want to construct a vector field {v,},r 7 that continuously transforms p to v as f goes from 0 to 1, i.e. ...

op,+ VW) =0, ug=p, pjy =v

 And this vector field should be ‘optimal’, e.g. uses least kinetic energy in total ...

| r -
Hvt(x)sz//tt(x) dt = HwHidt
JO | Jx Jo

e Thus,

1
Wy(u,v)* = inf il de (O, +V - (V) =0, pg = p, py = v
JO

« The optimal transport map T/Z also gives a (McCann) interpolation between y and v: u, = [(1 — £)1d + tT/Z]#,u.
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Wasserstein Gradient

1
W(u,v)* = inf { [ 1VI2 dt | Opt, + V - (Vi) = 0, pig = pt, py = V}
0

Wasserstein distance offers a way to move from But how could we move downwards following a
one point to another optimally. functional F ggz(Rd) — (=00, 00]?

S

GOAL: p, "="u,— hVyF(u,) and pu, ~ m := argmin F(u)
HEP,(RY)
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» Consider a curve of measures {4, }, and corresponding vector field {v,}..

The Wasserstein gradient should satisfies d,F(y,) = (Vy F(p,), v;), =

(VwF(u,), v,)du, by “chain rule”.

« [Proposition] The Wasserstein gradient of function F' at u is given by V, F(u) = V(0F(n)).

[Proof Sketch]

e—0

Using the first variation, by picking y = d,u,, we have 0,F(u,) = lim+ 8_1[F(//tt + eou) — F(u,)] = | 6F(u,)d(0,u,).

Using the continuity equation of 0,u, = — V - (u,v,), we have

oF (ﬂt)d(atﬂt) — =

oF(u)V - (uv,)dx.
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» Consider a curve of measures {4, }, and corresponding vector field {v,}..

The Wasserstein gradient should satisfies d,F(y,) = (Vy F(p,), v;), =

J

(VwF(u,), v,)du, by “chain rule”.

« [Proposition] The Wasserstein gradient of function F' at u is given by V, F(u) = V(0F(n)).

[Proof Sketch]

Using integration by parts and vanishing boundaries, we have —

Using the continuity equation of d,u, = — V - (u,v,), we have | 0F(u,)d(0.u,) = —

Using the first variation, by picking y = 9d,u,, we have 0. F(u,) = lim+ e F(u, + eou,) — F(u)] =

e—0

oF (/’tt) V- (/’ttvt)dx —

oF(u)V - (uv,)dx.

VOoF(u)v,udx =

M

oF (u,)d(0o,u,).

(VOF(u,), v,)du,.
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Wasserstein Gradient

» The Wasserstein gradient of function F at u is given by V, F(u) = V(0F(u)).

* Actually, this notion of gradient is the one possible gradient option with the
least norm

[Example 1] For potential energy F(u) = [V(X)dﬂ(X), we have oF(u) = Vand Vi F(u) = VV.

[Example 2] For internal energy F(u) = JU(,u(x))dx, we have oF(u) = U'(u) and Vy, F(u) = VU ().
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Wasserstein Gradient

» The Wasserstein gradient of function F at u is given by V, F(u) = V(0F(u)).

* Actually, this notion of gradient is the one possible gradient option with the
least norm

. [Example 1] For potential energy F(u) = [V(X)dﬂ(X), we have oF(u) = Vand Vi F(u) = VV.

[Example 2] For internal energy F(u) = JU(,u(x))dx, we have oF(u) = U'(u) and Vy, F(u) = VU ().

. [Example 3] For KL divergence w.r.t. 7 x exp[— U], F(u) = KL(u||7) = JUd,u + [/4 log udx + const,
so Vi F(u) =VU+ Vlogu = V(—logn) + Vlogu = Vlog(u/r).
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But how could we move downwards following a

functional F : 25(R%) — (=00, 00]? Wasserstein Gradient Flow
continuity

equation
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But how could we move downwards following a
functional F : 25(R%) — (=00, 00]? Wasserstein Gradient Flow

-\ [Eulerian] oy, = —V - (= VyF(u,) - 1)
d
's/ [Lagrangian] Ext = — Vy F(u)(x)

« F'is m-geodesic convex if for any u, v with optimal transport interpolant y, we have
Fu) < (1 —pF(u) +tF(v) — (1 — t)m/ 2W22(//t, ). It is geodesic convex for m = 0.
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Wasserstein Gradient Flow

But how could we move downwards following a
functional F : 25(R%) — (=00, 00]? Wasserstein Gradient Flow

-\ [Eulerian] oy, = —V - (= VyF(u,) - 1)
g o
'/ V4 [Lagrangian] — = - Vi F(u)(x,)

« F'is m-geodesic convex if for any u, v with optimal transport interpolant y, we have
Fu) < (1 —pF(u) +tF(v) — (1 — t)m/ 2W22(//t, ). It is geodesic convex for m = 0.

* If the functional is geodesic convex, the WGF converges to the global (!) optimum. (e.g. KL divergence)

 |f the functional is A-geodesic convex, the WGF converges to the global optimum exponentially (!) quickly. (e.9.
KL divergence with log-concave target)
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Bayes Posterior Sampling
JKO (1998)

 Bayes posterior 7 can be viewed as the stationary point of a WGF down
F(-) = KL(||n).

» Recall Vi, F(u) = V(—logx) + Vlog u.

 The gradient flow is thus

at//tt =—V . (- VWF(//tt)//tt) =V - [(V(—lOg ) + VlOg //tt)//tt]
=—V - [Vlogmr ]+ V|Vul]=—-V - -[Vlogn u ]+ Vz,ut

»  which coincides with the Fokker-Planck of dX, = Vlog n(X,)dr + \/ith.
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Wibisono (2018)

» Consider Euler-Maruyama discretisation of dX, = Vlog z(X))dt + \/Eth
Xiynp = X; + hVlog n(X))

Xivn = Xy +V 2AN(O,1)

. This is a splitting of WGF 0,u, = — V - [ Vlog 7 u ] + V*u, by first updating half-step with
—V - [ Vlog 7 p,] then updating another half-step with Vz//tt.

« So ULA is a discretised WGF!
N
Aggregating many independent copies of the process ,utN = N1 Z 5Xt(i) yields a mean-field

i=1
approximation where ,utN — U, weakly as N — oo.
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Post-Bayes Posterior Sampling

Variational Reformulation of Bayes Posteriors

Consider prior gy(6@), and negative log-likelihood I(0, y.) = — log p(y;|0) and [ (0, y) = Z [(y;]0).
i=1

The corresponding Bayesian posterior is 7(0|y) = qy(@)exp[—1.(0,y)]/Z.

This posterior can be obtained variationally as g*(6) = argmin [[E sl 10, )] + KL(quO)] .
qEF(0)

Variational inference can be viewed as the above minimisation constrained over a parametric distribution family & (0) C &°(0).

Nowhere in the derivation do we use the explicit form of [ (0, y) = Z — log p(y;| 0), in fact, any [reasonable] loss [, could work ...

l



Post-Bayes Posterior Sampling



Post-Bayes Posterior Sampling

7*(0) = argmin | E, (L0 0] +KL@gllgp)|  mO1) « qy(@)expl—1,(0, )]
qES(0)




Post-Bayes Posterior Sampling

7*(0) = argmin | E, (L0 0] +KL@gllgp)|  mO1) « qy(@)expl—1,(0, )]
qeFP(0)

Wasserstein Gradient Flow

m:=argmin F(u) opu,=—-V-(—VylF)- un)
HETF(0)




Post-Bayes Posterior Sampling

7*(0) = argmin | E, (L0 0] +KL@gllgp)|  mO1) « qy(@)expl—1,(0, )]
qeFP(0)

Wasserstein Gradient Flow

rr = argmin F(u) ou,=—V-(—VyFu,) - u)

M=)

6 \ Sure, but it is not necessary



Post-Bayes Posterior Sampling

7*(0) = argmin | E, (L0 0] +KL@gllgp)|  mO1) « qy(@)expl—1,(0, )]
qeFP(0)

Wasserstein Gradient Flow

rr = argmin F(u) ou,=—V-(—VyFu,) - u)

M=)

6§\/ Sure, but it is not necessary
'/ Unless ... ?

4



Post-Bayes Posterior Sampling
Shen et al. (2025)



Post-Bayes Posterior Sampling
Shen et al. (2025)

g*(6) = argmin | Z(q) + KL(qllq)]
qEF(0)



Post-Bayes Posterior Sampling
Shen et al. (2025)

g*(6) = argmin | Z(q) + KL(qllq)]
qEF(0)

1 2
Z(q)=>MMD (P, || P,)



Post-Bayes Posterior Sampling
Shen et al. (2025)

g*(6) = argmin | Z(q) + KL(qllq)]
qEF(0)

1 2
Z(q)=>MMD (P, || P,)

P, is empirical DGP ; Pq is posterior predictive



Post-Bayes Posterior Sampling
Shen et al. (2025)

g*(6) = argmin | Z(q) + KL(qllq)]
qEF(0)

1 2
| Z(q)=>MMD (P, || P,)
nonlinear loss

P, is empirical DGP ; Pq is posterior predictive



Post-Bayes Posterior Sampling
Shen et al. (2025)

g*(6) = argmin | Z(q) + KL(qllq)]
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MMD(P||Q) = sup |

1 )
| Z(g) = MMD (Pq i Pn> feF
nonlinear loss

P, is empirical DGP ; Pq is posterior predictive

_XNP[f(x)] o

= ol /()]
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Shen et al. (2025)

g*(0) = argmin | Z(q) + KL(ql|gy)]|

qEF(0)
1 2
Z(¢)==MMD (P, || P,
nonlinear loss 2
P, is empirical DGP ; Pq is posterior predictive

7(0]y) x 727

Well-specified

MMD-Bayes

Misspecified

Sampling

MMD(P||Q) = sup

fEF

_XNP[f(x)] o

_yNQ[f(Y)]
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g*(6) = argmin | Z(q) + KL(qllq)]
qEF(0)

— g@:%MMD (7,1 Pn>z MMD(P||0) = ;33 = L] = E, o[ f()]

P, is empirical DGP ; Pq is posterior predictive
n(@]y) x 777

Bayes MMD-Bayes Wasserstein Gradient Flow

r = argmin F(u)

Well-specified
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Rewrite the objective functional as F(g) = £ (q) + KL(qllqy) = £ (q) — Jlog godq + Jlog qgdg =: &(q) + Jlog qdq.
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So, the gradient flow of the above functional yields o, u, = =V - (= Vy F(u)u,) = =V - (= Vy, &)y, + Vz,ut,
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1 2
4*(8) = argmin [ £(q) + KL(qll4y)| Z(g)=MMD (P, | P,)
qeEFP(0)

Rewrite the objective functional as F(g) = £ (q) + KL(qllqy) = £ (q) — Jlog godq + Jlog qgdg =: &(q) + Jlog qdq.

Then, the Wasserstein gradient yields V, F(g) = Vi, &(q) + Vlogg.
So, the gradient flow of the above functional yields o, u, = =V - (= Vy F(u)u,) = =V - (= Vy, &)y, + Vz,ut,
which corresponds to, via Fokker-Planck, dfl, = — V ;,&(u,)(6,) + \/Eth for u, being the law of 4,

Further calculations and particle approximations for u, gives a computable interacting particle system SDE.

Thus, WGF offers a way to sample from this post-Bayes posterior that standard methods cannot sample from.
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Maximum Mean Discrepancy

* MMD is an integral probability metric that measures the distance between two probability measures.

* It can be directly computed using samples from the measures, via a reproducing kernel Hilbert space (RKHS).

By definition, we have MMD(P||Q) = sup [[EXNP[f(x)] — [EyNQ[f(y)]] for any function class F.
fer

«  We pick F to be a unit ball in the RKHS with kernel &, i.e. H,.

. The reproducing property of H, yields: f(x) = (f, k(x, - )) g, for f € H,. Also, define mean embedding pp = £, _plk(x, - )].

+  So, we have E,_p[f(x)] = B, p[{f: k(x, - )y ] = (fs Exeplk(x, - )}y, = (fs p) -

. Thisway, MMD(P||Q) = sup (fiup—pip)n.
feH,.lIfl<1

. By Cauchy-Schartz, (f, up — ’MQ>Hk < g llp — polly, where equality holds for f = (up — pp)/|litp — poll g, thus this is the
maximising function for MMD.

. Therefore, MMD(P||Q) = |[up — ,qulHk = \/[Ex,fop[k(X, x| — 2[Epr,yNQ[k(xa y)] + [Ey,y,NQ[k(y,y’)].




