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• Wasserstein gradient flow (and computational / statistical optimal transport) 
is an emerging field in CSML. 


• A new perspective on sampling: “Sampling as Optimisation in the Space of 
Measures”. 


• There have been some successes, theoretically and methodologically, of 
WGF for CSML.


• A growing community.


• This talk focuses on WGF’s relevance for CSML Methodologies.  



https://chris-nemeth.github.io/blogs/caring_about_gf/

Also shout out to Liam for some feedback.

https://chris-nemeth.github.io/blogs/caring_about_gf/


Bayes Posterior Sampling



Overdamped Langevin



Overdamped Langevin

dXt = ∇log π(Xt)dt + 2dWt



Overdamped Langevin

dXt = ∇log π(Xt)dt + 2dWt

The law of  converges to  for any initial 
condition , for suitably well target distribution .

Xt |X0 = x π
x π



Overdamped Langevin

dXt = ∇log π(Xt)dt + 2dWt

The law of  converges to  for any initial 
condition , for suitably well target distribution .

Xt |X0 = x π
x π

0 2 4 6 8 10

0
1

2
3

4
5

t

X t

Density

Underdamped Langevin Diffusion Targetting N(5,1)

0.0 1.0

0
1

2
3

4
5



Overdamped Langevin

dXt = ∇log π(Xt)dt + 2dWt

The law of  converges to  for any initial 
condition , for suitably well target distribution .

Xt |X0 = x π
x π

This follows from the Fokker-Planck equation.

0 2 4 6 8 10

0
1

2
3

4
5

t

X t

Density

Underdamped Langevin Diffusion Targetting N(5,1)

0.0 1.0

0
1

2
3

4
5



Overdamped Langevin

dXt = ∇log π(Xt)dt + 2dWt

The law of  converges to  for any initial 
condition , for suitably well target distribution .

Xt |X0 = x π
x π

This follows from the Fokker-Planck equation.

0 2 4 6 8 10

0
1

2
3

4
5

t

X t

Density

Underdamped Langevin Diffusion Targetting N(5,1)

0.0 1.0

0
1

2
3

4
5



Overdamped Langevin
dXt = ∇log π(Xt)dt + 2dWt



Overdamped Langevin
dXt = ∇log π(Xt)dt + 2dWt

For a (one-dimensional) SDE ,dXt = a(Xt, t)dt + b(Xt, t)dWt



Overdamped Langevin
dXt = ∇log π(Xt)dt + 2dWt

For a (one-dimensional) SDE ,dXt = a(Xt, t)dt + b(Xt, t)dWt

the Fokker-Planck equation describes the evolution of ’s law ,Xt p(x, t)



Overdamped Langevin
dXt = ∇log π(Xt)dt + 2dWt

For a (one-dimensional) SDE ,dXt = a(Xt, t)dt + b(Xt, t)dWt

the Fokker-Planck equation describes the evolution of ’s law ,Xt p(x, t)

.∂t p(x, t) = − ∂x[a(x, t)p(x, t)] + ∂2
xx[b2(x, t)p(x, t)/2]



Overdamped Langevin
dXt = ∇log π(Xt)dt + 2dWt

For a (one-dimensional) SDE ,dXt = a(Xt, t)dt + b(Xt, t)dWt

the Fokker-Planck equation describes the evolution of ’s law ,Xt p(x, t)

.∂t p(x, t) = − ∂x[a(x, t)p(x, t)] + ∂2
xx[b2(x, t)p(x, t)/2]

NB: While  is a random variable, its law evolve deterministically.Xt



Overdamped Langevin
dXt = ∇log π(Xt)dt + 2dWt

For a (one-dimensional) SDE ,dXt = a(Xt, t)dt + b(Xt, t)dWt

the Fokker-Planck equation describes the evolution of ’s law ,Xt p(x, t)

.∂t p(x, t) = − ∂x[a(x, t)p(x, t)] + ∂2
xx[b2(x, t)p(x, t)/2]

For our overdamped Langevin, we have 
.∂t p(x, t) = − ∂x[∇log π(x, t)p(x, t)] + ∂2

xx[p(x, t)]

NB: While  is a random variable, its law evolve deterministically.Xt



Overdamped Langevin
dXt = ∇log π(Xt)dt + 2dWt

For a (one-dimensional) SDE ,dXt = a(Xt, t)dt + b(Xt, t)dWt

the Fokker-Planck equation describes the evolution of ’s law ,Xt p(x, t)

.∂t p(x, t) = − ∂x[a(x, t)p(x, t)] + ∂2
xx[b2(x, t)p(x, t)/2]

For our overdamped Langevin, we have 
.∂t p(x, t) = − ∂x[∇log π(x, t)p(x, t)] + ∂2

xx[p(x, t)]

NB: While  is a random variable, its law evolve deterministically.Xt

Set , RHS gives ,p = π −∂x[∇log π ⋅ π] + ∂2
xx[π] = 0



Overdamped Langevin
dXt = ∇log π(Xt)dt + 2dWt

For a (one-dimensional) SDE ,dXt = a(Xt, t)dt + b(Xt, t)dWt

the Fokker-Planck equation describes the evolution of ’s law ,Xt p(x, t)

.∂t p(x, t) = − ∂x[a(x, t)p(x, t)] + ∂2
xx[b2(x, t)p(x, t)/2]

For our overdamped Langevin, we have 
.∂t p(x, t) = − ∂x[∇log π(x, t)p(x, t)] + ∂2

xx[p(x, t)]

NB: While  is a random variable, its law evolve deterministically.Xt

Set , RHS gives ,p = π −∂x[∇log π ⋅ π] + ∂2
xx[π] = 0

Making  a stationary point of .π px(t) := p(x, t)
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Required Ingredients

• A space of probability measures .𝒫(ℝd)

• A metric  in the space.W

• A notion of gradient at a point .∇W

GOAL:  and μt+1"="μt − h∇W F(μt) μ∞ ≈ π := argmin
μ∈𝒫(ℝd)

F(μ)

How to move in the space of probability measures?
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• Actually, this notion of gradient is the one possible gradient option [all Frechet subdifferentials] with the 
least norm [ -norm]. L2(μ)

• [Example 1] For potential energy , we have  and .F(μ) = ∫ V(x)dμ(x) δF(μ) = V ∇W F(μ) = ∇V

• [Example 2] For internal energy , we have  and . F(μ) = ∫ U(μ(x))dx δF(μ) = U′￼(μ) ∇W F(μ) = ∇U′￼(μ)

• [Example 3] For KL divergence w.r.t. , , 

so .

π ∝ exp[−U] F(μ) = KL(μ∥π) = ∫ Udμ + ∫ μ log μdx + const
∇W F(μ) = ∇U + ∇log μ = ∇(−log π) + ∇log μ = ∇log(μ/π)
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[Eulerian] ∂tμt = − ∇ ⋅ ( − ∇W F(μt) ⋅ μt)

[Lagrangian] 
d
dt

xt = − ∇W F(μt)(xt)

•  is -geodesic convex if for any  with optimal transport interpolant  we have
. It is geodesic convex for .

F m μ, ν μt
F(μt) ≤ (1 − t)F(μ) + tF(ν) − t(1 − t)m/2W2

2(μ, ν) m = 0

• If the functional is geodesic convex, the WGF converges to the global (!) optimum. (e.g. KL divergence)

• If the functional is -geodesic convex, the WGF converges to the global optimum exponentially (!) quickly. (e.g. 
KL divergence with log-concave target)

λ

μ

But how could we move downwards following a 
functional ?F : 𝒫2(ℝd) → (−∞, ∞]

continuity 
equation
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JKO (1998)

• Bayes posterior  can be viewed as the stationary point of a WGF down 
.

π
F( ⋅ ) = KL( ⋅∥π)

• Recall .∇W F(μ) = ∇(−log π) + ∇log μ

• The gradient flow is thus 

∂tμt = − ∇ ⋅ ( − ∇W F(μt)μt) = ∇ ⋅ [(∇(−log π) + ∇log μt)μt]
= − ∇ ⋅ [∇log π μt] + ∇[∇μt] = − ∇ ⋅ [∇log π μt] + ∇2μt

• which coincides with the Fokker-Planck of dXt = ∇log π(Xt)dt + 2dWt .



Bayes Posterior Sampling
Wibisono (2018)



Bayes Posterior Sampling
Wibisono (2018)

• Consider Euler-Maruyama discretisation of  dXt = ∇log π(Xt)dt + 2dWt



Bayes Posterior Sampling
Wibisono (2018)

• Consider Euler-Maruyama discretisation of  dXt = ∇log π(Xt)dt + 2dWt

Xt+h/2 = Xt + h∇log π(Xt)

Xt+h = Xt+h/2 + 2hN(0,1)



Bayes Posterior Sampling
Wibisono (2018)

• Consider Euler-Maruyama discretisation of  dXt = ∇log π(Xt)dt + 2dWt

Xt+h/2 = Xt + h∇log π(Xt)

Xt+h = Xt+h/2 + 2hN(0,1)

• This is a splitting of WGF  by first updating half-step with 
 then updating another half-step with . 

∂tμt = − ∇ ⋅ [∇log π μt] + ∇2μt
−∇ ⋅ [∇log π μt] ∇2μt



Bayes Posterior Sampling
Wibisono (2018)

• Consider Euler-Maruyama discretisation of  dXt = ∇log π(Xt)dt + 2dWt

Xt+h/2 = Xt + h∇log π(Xt)

Xt+h = Xt+h/2 + 2hN(0,1)

• This is a splitting of WGF  by first updating half-step with 
 then updating another half-step with . 

∂tμt = − ∇ ⋅ [∇log π μt] + ∇2μt
−∇ ⋅ [∇log π μt] ∇2μt

• So ULA is a discretised [Lagrangian formulation of] WGF!



Bayes Posterior Sampling
Wibisono (2018)

• Consider Euler-Maruyama discretisation of  dXt = ∇log π(Xt)dt + 2dWt

Xt+h/2 = Xt + h∇log π(Xt)

Xt+h = Xt+h/2 + 2hN(0,1)

• This is a splitting of WGF  by first updating half-step with 
 then updating another half-step with . 

∂tμt = − ∇ ⋅ [∇log π μt] + ∇2μt
−∇ ⋅ [∇log π μt] ∇2μt

• So ULA is a discretised [Lagrangian formulation of] WGF!

• Aggregating many independent copies of the process  yields a mean-field 

approximation where  weakly as . 

μN
t := N−1

N

∑
i=1

δX(i)
t

μN
t → μt N → ∞



Post-Bayes Posterior Sampling
Variational Reformulation of Bayes Posteriors



Post-Bayes Posterior Sampling
Variational Reformulation of Bayes Posteriors

Consider prior , and negative log-likelihood  and . q0(θ) l(θ, yi) = − log p(yi |θ) ln(θ, y) =
n

∑
i=1

l(yi |θ)



Post-Bayes Posterior Sampling
Variational Reformulation of Bayes Posteriors

Consider prior , and negative log-likelihood  and . q0(θ) l(θ, yi) = − log p(yi |θ) ln(θ, y) =
n

∑
i=1

l(yi |θ)

The corresponding Bayesian posterior is .π(θ |y) = q0(θ)exp[−ln(θ, y)]/Z



Post-Bayes Posterior Sampling
Variational Reformulation of Bayes Posteriors

Consider prior , and negative log-likelihood  and . q0(θ) l(θ, yi) = − log p(yi |θ) ln(θ, y) =
n

∑
i=1

l(yi |θ)

The corresponding Bayesian posterior is .π(θ |y) = q0(θ)exp[−ln(θ, y)]/Z

This posterior can be obtained variationally as .q*(θ) = argmin
q∈𝒫(θ)

[𝔼q(θ)[ln(θ, y)] + KL(q∥q0)]



Post-Bayes Posterior Sampling
Variational Reformulation of Bayes Posteriors

Consider prior , and negative log-likelihood  and . q0(θ) l(θ, yi) = − log p(yi |θ) ln(θ, y) =
n

∑
i=1

l(yi |θ)

The corresponding Bayesian posterior is .π(θ |y) = q0(θ)exp[−ln(θ, y)]/Z

This posterior can be obtained variationally as .q*(θ) = argmin
q∈𝒫(θ)

[𝔼q(θ)[ln(θ, y)] + KL(q∥q0)]
To see this, we have .𝔼q(θ)[ln(θ, y)] + KL(q∥q0) = ∫ [ln + log(q/q0)] q(θ)dθ = ∫ [−log(exp(−ln)) + log(q/q0)] q(θ)dθ



Post-Bayes Posterior Sampling
Variational Reformulation of Bayes Posteriors

Consider prior , and negative log-likelihood  and . q0(θ) l(θ, yi) = − log p(yi |θ) ln(θ, y) =
n

∑
i=1

l(yi |θ)

The corresponding Bayesian posterior is .π(θ |y) = q0(θ)exp[−ln(θ, y)]/Z

This posterior can be obtained variationally as .q*(θ) = argmin
q∈𝒫(θ)

[𝔼q(θ)[ln(θ, y)] + KL(q∥q0)]
To see this, we have .𝔼q(θ)[ln(θ, y)] + KL(q∥q0) = ∫ [ln + log(q/q0)] q(θ)dθ = ∫ [−log(exp(−ln)) + log(q/q0)] q(θ)dθ

q*(θ) = argmin
q ∫ [log(q/[q0 exp(−ln)])]qdθ = argmin

q ∫ [log(q/[q0 exp(−ln)Z−1])]qdθ = argmin
q

KL(q∥π(θ |y))



Post-Bayes Posterior Sampling
Variational Reformulation of Bayes Posteriors

Consider prior , and negative log-likelihood  and . q0(θ) l(θ, yi) = − log p(yi |θ) ln(θ, y) =
n

∑
i=1

l(yi |θ)

The corresponding Bayesian posterior is .π(θ |y) = q0(θ)exp[−ln(θ, y)]/Z

This posterior can be obtained variationally as .q*(θ) = argmin
q∈𝒫(θ)

[𝔼q(θ)[ln(θ, y)] + KL(q∥q0)]
To see this, we have .𝔼q(θ)[ln(θ, y)] + KL(q∥q0) = ∫ [ln + log(q/q0)] q(θ)dθ = ∫ [−log(exp(−ln)) + log(q/q0)] q(θ)dθ

q*(θ) = argmin
q ∫ [log(q/[q0 exp(−ln)])]qdθ = argmin

q ∫ [log(q/[q0 exp(−ln)Z−1])]qdθ = argmin
q

KL(q∥π(θ |y))

Since the minimisation is unconstrained, KL can reach zero and thus .q*(θ) = π(θ |y)



Post-Bayes Posterior Sampling
Variational Reformulation of Bayes Posteriors
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∑
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l(yi |θ)
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This posterior can be obtained variationally as .q*(θ) = argmin
q∈𝒫(θ)

[𝔼q(θ)[ln(θ, y)] + KL(q∥q0)]
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Variational inference can be viewed as the above minimisation constrained over a parametric distribution family .𝒫κ(θ) ⊂ 𝒫(θ)
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To see this, we have .𝔼q(θ)[ln(θ, y)] + KL(q∥q0) = ∫ [ln + log(q/q0)] q(θ)dθ = ∫ [−log(exp(−ln)) + log(q/q0)] q(θ)dθ

q*(θ) = argmin
q ∫ [log(q/[q0 exp(−ln)])]qdθ = argmin

q ∫ [log(q/[q0 exp(−ln)Z−1])]qdθ = argmin
q

KL(q∥π(θ |y))

Since the minimisation is unconstrained, KL can reach zero and thus .q*(θ) = π(θ |y)

Variational inference can be viewed as the above minimisation constrained over a parametric distribution family .𝒫κ(θ) ⊂ 𝒫(θ)

Nowhere in the derivation do we use the explicit form of , in fact, any [reasonable] loss  could work … ln(θ, y) = ∑
i

− log p(yi |θ) ln
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μ
Sure, but it is not necessary

Unless … ?
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                           q*(θ) = argmin
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Rewrite the objective functional as .F(q) = ℒ(q) + KL(q∥q0) = ℒ(q) − ∫ log q0dq + ∫ log qdq =: ℰ(q) + ∫ log qdq

Then, the Wasserstein gradient yields . ∇W F(q) = ∇Wℰ(q) + ∇log q

So, the gradient flow of the above functional yields ,∂tμt = − ∇ ⋅ ( − ∇W F(μt)μt) = − ∇ ⋅ ( − ∇Wℰ(μt)μt) + ∇2μt

which corresponds to, via Fokker-Planck,  for  being the law of . dθt = − ∇Wℰ(μt)(θt) + 2dWt μt θt

Further calculations and particle approximations for  gives a computable interacting particle system SDE.μt

Thus, WGF offers a way to sample from this post-Bayes posterior that standard methods cannot sample from.
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RKHS and Stein Stuff



Maximum Mean Discrepancy

• MMD is an integral probability metric that measures the distance between two probability measures. 


• It can be directly computed using samples from the measures, via a reproducing kernel Hilbert space (RKHS). 


• By definition, we have  for any function class .


• We pick  to be a unit ball in the RKHS with kernel , i.e. .


• The reproducing property of  yields:  for . Also, define mean embedding . 


• So, we have . 


• This way, . 


• By Cauchy-Schartz,  where equality holds for , thus this is the 
maximising function for MMD. 


• Therefore, .

MMD(P∥Q) = sup
f∈F

[𝔼x∼P[ f(x)] − 𝔼y∼Q[ f(y)]] F

F k Hk

Hk f(x) = ⟨ f, k(x, ⋅ )⟩Hk
f ∈ Hk μP = 𝔼x∼P[k(x, ⋅ )]

𝔼x∼P[ f(x)] = 𝔼x∼P[⟨ f, k(x, ⋅ )⟩Hk
] = ⟨ f, 𝔼x∼P[k(x, ⋅ )]⟩Hk

= ⟨ f, μP⟩Hk

MMD(P∥Q) = sup
f∈Hk,∥f∥≤1

⟨ f, μP − μQ⟩Hk

⟨ f, μP − μQ⟩Hk
≤ ∥f∥Hk

∥μP − μQ∥Hk
f = (μP − μQ)/∥μP − μQ∥Hk

MMD(P∥Q) = ∥μP − μQ∥Hk
= 𝔼x,x′￼∼P[k(x, x′￼)] − 2𝔼x∼P,y∼Q[k(x, y)] + 𝔼y,y′￼∼Q[k(y, y′￼)]


