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Introduction

Problem: Where to go during the holidays?

Spain — annual precipitation

California — fine particulate matter
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Figure: Spain, California, or France?
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Introduction

Building a model

Basic linear regression: y(x;) = fo + S1h(x;) + &

Observations
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Covariate — elevation

Linear-regression prediction (R? = 0.00)
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Introduction

Spatial field

y(xi) = Bo + Prh(x;) + u(x;) + &
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Figure: Example spatial field u(x)

Requirements on u: Physical, probabilistic (Bayesian), computable.
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Stationary and non-stationary Matérn fields

Physics through PDEs
This is a PDE
(€ = Au(zx) = f(x).

The solution u models some quantity of interest

Figure: Solution u of the PDE.



Stationary and non-stationary Matérn fields

Physics & uncertainty through SPDEs

This is a SPDE
(€ = Au(x) = W(x).

The solution u models some quantity we are uncertain about.

Figure: Two realizations of solution u of the SPDE.



Stationary and non-stationary Matérn fields

Gaussian fields

The solution u to an SPDE Lu = W is a Gaussian field
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Figure: Gaussian field

Definition (Gaussian field)

A Gaussian field on D C R? is a collection of random variables {u(x) : = € D},
such that, for all {x;}" ; C D, (u(x1),...,u(xy,)), is a Gaussian vector.



Stationary and non-stationary Matérn fields

Introduction: Covariance and precision

Notation (Covariance and precision)

Let u be Gaussian with mean zero, the covariance of u is
K(z,y) == E[u(z)u(y)], Vz,y€D.
We call Q = K~ the precision and write u ~ N(O, Q‘l).

We say that u is stationary if K(x,y) = r(x —y), it is isotropic if
K(z,y) =r(lz —y|).



Stationary and non-stationary Matérn fields

Stationary and non-stationary Matérn fields

Definition (Isotropic Matérn field )

The isotropic solution u with parameters ¢ > 0 and o > 0 to

(¢ —A)u(x) = oW(x).

Matérn 1947; Whittle 1963; Stein 1999

Covariance lisation

Figure: Isotropic Matérn field over Spain



Stationary and non-stationary Matérn fields

Stationary Matérn fields

Definition (Anisotropic Matérn field (Fuglstad et al. 2015))

The stationary solution u with diffusion matrix H € R?*? |

Covariance

Figure: Anisotropic Matérn field over Spain



Stationary and non-stationary Matérn fields

Stationary Matern fields

H = H, can be parametrized invertibly and smoothly using a vector v € R?
(Llamazares-Elias, Latz, and Lindgren 2024).

v=(1,0) v=(0,1)
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v=(-1,0) v=(0,-1)

& b ©

Figure: Anisotropic Matérn field for different values of v



Stationary and non-stationary Matérn fields

Non-stationary Matérn fields

Definition ( Non-stationary Matérn field .)

The non-stationary solution u with diffusion matrix H,,) € R**?
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Figure: Non-stationary Matérn field
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Penalized complexity priors

PC priors: Bayesian inference

Problem setting: Given an observation u = (u(x1),...,u(x,)) of u how likely
is a given 0 = ({,v,0)?

p(Blu) o p(u|@)p(6).

m The likelihood p(u|0) ~ N (0,Q,") comes from solving the SPDE (FEM).
m How should we define the prior p(6)? (crucial)



PC priors: Motivation

“Penalised complexity (PC) priors” [Simpson et al. 2014].

Occam’s razor: Simple models are preferred.
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Figure: Which model is better?



PC priors 101

Implementation
Select a simple base model 6.

Define a distance to the base model

m(0) := d(ug, ug,)-

Penalization of complexity: Impose a distribution on 6 so that
m(0) ~ Exp(A). That is,

p(m) = Aexp(—Am).



Penalized complexity priors

Stationary spectral theory

Given a stationary field u with covariance r(z — y) = K(x,y) we define the
spectral density of u as

5 = [ rle)eenag

The spectral density encodes information about «

Theorem (Spectral theorem)
Let u be stationary, then there exists a (generalized) field dZ such that

u(z) = /R ) T 47(¢), where, E[dZ(€)dZ(w)] = S(£)d(€ — w)



Penalized complexity priors

Stationary PC priors: A spectral distance

For constant 6 (stationary model) (Llamazares-Elias, Latz, and Lindgren 2024)
m L? distance of spectral densities relative to base model.

d(ug, ug,) := (/R2 Soi (&) (Sa (&) — Sy (£))” d§>é :

m We set 6y = 0 and calculate m(0) exactly.
m We obtain a PC prior pstat(0) -



Penalized complexity priors

Non-stationary fields

Problem: The spectral density for non-stationary fields is undefined.

Proposition (Bochner's isometry)

Given stationary field w with covariance r(x —y) = K(x,y),

L[ re-wiws@ - [ [ s©fie

Definition (Non-stationary spectral density)

We define the spectral density of a non-stationary field v with covariance K as

S, w) = / K(x,y)e M@0y (g dy.
Re JRA



Penalized complexity priors

Non-stationary spectral theory

Proposition (Bochner's isometry)

[, | Kewiws@ = [ [ sewfwie.
R2 JRd Rd JRA

Theorem (Non-starionary spectral theorem)

There exists a unique generalized field dZ such that

u(x) = /R ) e 47(¢), Ve R (1)

Furthermore, E[dZ(§) dZ(w)] = S(§,w).



Penalized complexity priors

Distance for non-stationary field

We define the distance from non-stationary wg to stationary ug, as

1

Dlosvr) = ( [ [ 500€) " 50(€.) S (@) w )

Problem: No closed form expression for Sg(&,w). How to calculate the
distance?



Penalized complexity priors

Taylor approximation

Write @ = 0y + O we exactly calculate the operator Qg such that

D(ug,u90)2 = ||K6 - KGOH2HS(L2(R2)%H2(]R2))

— (Q0,02,02) 2z + O(118all').

We set p(Oa) x exp(—% (Qo,0A, 9A>) and combine with stationary PC-priors

Theorem (Non-stationary PC-priors)

PC priors for the non-stationary model are given by setting

0=60y)+0xr, 6y~ pstat(OO)a 9A|90 ~ N(O,ngl).
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The likelihood

A. Spatial discretization  B. Local basis function ¢; C. Global field: u(x) = 2u;jp;(x)
j

Writing w = 37, u;$; and imposing

<£ua¢]> = <W7¢J>7 VJ = 17 ey

gives for sparse Q9



Modelling results

Can we learn the physics?

We fix a true smooth @ = ({,v,0) and observe r times
yj:u]é—i—ej, jg=1...,r

True u Observed y, Observed y;q
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Figure: Noisy observations y; of true ug
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Modelling results

Can we learn the physics?
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Figure: Recovery of (,v1,v9,0 as we observe more realizations » = 1, ..., 10.



Modelling results

Can we learn the physics ?

We fix a true discontinuous @ = ({,v, o) and observe r times
y =uy+el, j=1,...,m
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Figure: Noisy observations y; of true ug



Modelling results

Can we learn the physics?
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Figure: Recovery of (,v1,v2,0 as we observe more realizations » = 1, ..., 10



Modelling results

Do we need priors?

If we don't penalize through prior,s we get white noise

Norm of Fourier coefficients of order k

Frequency k

prior PC non-stat —*- Uniform prior == Truth



Modelling results

Spanish precipitation: Predictions

Plot side-by-side predictions

Observations PC stat PC non-stat

annual
precip (m)

2.0
15
1.0

0.5

Figure: Predicted precipitation in Spain under a stationary and non-stationary model



Model performance: Block CRPS

How well does the model generalize?

Spain — block CRPS difference Block ranking

150-km blocks, pc_nonstat - pc_stat 27/ 31 blocks (n23) favour pc_non_stat prior (87%)
mean ACRPS = -0.0428 (pc_non_stat better)

mummummummuw

A CRPS
l 0.1
02
o
a
5
0.0 5 027
02
. 03+




Modelling results

Recovered physics
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Figure: Variance of u left, and diffusion direction v



Modelling results

Air pollution California

Observations PC stat PC non-stat

log(PM2.5
+1)
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Figure: Comparison of prediction of stationary and non-stationary models



Modelling results

Recovered physics
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Figure: Variance of w left, correlation range p and diffusion direction v



Modelling results

Model performance

California — block CRPS difference Block ranking

150-km blocks, pc_nonstat - pc_stat 5/ 13 blocks (n23) favour pc_non_stat prior (38%)
mean ACRPS = -0.0025 (pc_non_stat better)
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Modelling results

Observations E[y|data] E[u|data]

right-bloc %

06
l 05

04

right-bloc %
06

l 05
04

03

I 02
0.1

0.3

l 0.2
0.1

Figure: Observed vote, predicted vote and field



Learned physics
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Modelling results

Learned physics vs. rail network

Trains a Grande Vitesse
en France 2023
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(b) French rail network.

(a) Posterior diffusion field v.

Figure: Recovered diffusion directions align with the principal rail corridors.



Modelling results

Conclusion and future work

m We considered a non-stationary model

~—

(€(@) = ¥ o V) 503 = W)

~—

m We obtained penalized complexity priors for () = (((-),v(-),0(+)).

m We showed how the model reveals physical structure in precipitation,
particle matter and electoral data.

m Future work:

Extending to higher smoothness of u.
Extendinf to spatio-temporal fields.
Going on vacation.
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